On the new string theory inspired mechanism of generation 
of cosmological perturbations 
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Recently a non-inflationary mechanism of generation of scale-free cosmological perturbations of 
metric was proposed by Brandenberger, Nayeri, and Vafa in the context of the string gas cosmology. 
We discuss various problems of their model and argue that the cosmological perturbations of metric 
produced in this model have blue spectrum with a spectral index n = 5, which strongly disagrees 
with observations. We conclude that this model in its present form is not a viable alternative to 
inflationary cosmology. 
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I. INTRODUCTION 

At present, inflation is the only well established mech- 
anism which solves the homogeneity, isotropy, flatness 
and horizon problems, and explains why the universe has 
such a large mass and entropy. In addition, it provides a 
simple mechanism of generation of metric perturbations 
of with a flat spectrum, as required for the formation of 
large-scale structure of the universe. For a review of infla- 
tionary theory and the theory of perturbations of metric 
there see e.g. 

There were many attempts to suggest an alternative 
solution to the major cosmological problems, but so far 
the progress in this direction was quite limited. For 
example, the pre-big bang scenario |2| and the ekpy- 
rotic/cyclic scenario |J] are based on the assumption that 
eventually one will find a solution of the cosmological sin- 
gularity problem and learn how one could transfer small 
perturbations of metric through the singularity. This 
problem, as well as several other problems discussed in 
IE IE Q I still remain unsolved. An alternative expla- 
nation of the origin of cosmological perturbations was 
advocated in |^. The mechanism was based on the al- 
ternation of the QFT rules. However this mechanism 
does not address any other cosmological problems, and 
it relies on speculations about dynamics of perturbations 
at an epoch when the energy density was 10^^ times 
greater than the Planck density 0- In comparison, in- 
flation solves the major cosmological problems and pro- 
duces metric perturbations with a flat spectrum practi- 
cally independently of the speculative processes at ex- 
tremely high energies and large curvatures, or before the 
big bang. 

In a recent series of papers 0, 0, 0, it was 
claimed that after a certain modification of the string 
theory inspired cosmological model proposed in 0, Il5l | 
one can obtain scale free cosmological perturbations of 
metric due to the physical processes after the big bang. 
This could be advantageous over the pre-big bang and 



the ekpyrotic/cyclic scenario, because in those models 
the cosmological perturbations are produced before the 
big bang, making the corresponding conclusions unreli- 
able. The authors of [l3,[lllll[l3 admitted that their 
model does not solve the flatness problem and has sev- 
eral other unexplained features. Thus it is not a real 
alternative to inflation. Nevertheless it would be quite 
interesting to have a non-inflationary mechanism of pro- 
duction of perturbations of metric with a flat spectrum. 
Our goal here is to examine this issue. 

In Section 2 we will go over some of the properties 
and unsolved prob lems of the basic cosmological model 
of d m El 111. In Section 3 we wiU argue that the 
spectrum of scalar perturbations produced in this model 
is dramatically tilted. Instead of the scale-free spectrum 
with the spectral index n = 1, the perturbations pro- 
duced in the model of E in El El have blue spec- 
trum with the spectral index n = 5, disagreeing with 
the cosm olog ical data. The main problem with the pro- 
posal of I id. ITU IT^ 111 stems from the fact that they 
worked in the string frame, but directly emgloyed the 
standard description of metric perturbations 2] tailored 
for the Einstein frame. Meanwhile, due to a nontrivial 
dilaton dynamics these two frames strongly differ from 
each other at the epoch when the perturbations of metric 
were produced. In Section 4 we will show that a similar 
conclusion is valid for the tensor perturbations of metric 
as well (though for a different reason): the spectrum of 
the gravitational waves produced in their scenario is far 
from being flat. 



II. BASIC SCENARIO 
A. Tseytlin-Vafa solution 

The cosmological scenario of Ref. ^E ^3 is based in 
part on the cosmological solution obtained by Vafa and 
Tseytlin El- This solution describes an TV-dimensional 
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universe in the context of the effective dilaton gravity 
theory with the action 
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(1) 



Here G is the metric determinant of the A^+l dimensional 
space, (j) is the dilaton field, e"^ = = (M,/Afp)(^-i)/2 
is string coupling. In addition to the grav itational de- 
grees of freedom of action Eq. (1), lll| also include 
the contribution of a gas of strings following its ther- 
modynamic description explained in Ts^. An important 
role is purportedly played by wind ing modes of strings 
and p-branes, as discussed, e.g., in p^fT^ 

The string frame metric 



dsl = dt^ - a'^{t)d^x, 



(2) 



is related to the Einstein frame metric by a conformal 
transformation 



,2 / 40 



dsl^dr"^ -a^{T)d^x . (3) 



One should emphasize that once one replaces string the- 
ory by the effective action for metric and the dilaton field 
of the type of iQJ, as was done in 0,0,0,0], all calcu- 
lations can be equally well performed either in the string 
frame, or in the Einstein frame, where the standard Ein- 
stein equations are valid. The final results describing 
physical quantities should be equivalent, independently 
of the frame used to compute them in, as long as the 
correct conformal transformation rules are used on the 
metric and throughout the matter sector, including any 
possible UV regulators. In other words, the domain of 
validity of the Einstein frame and Einstein equations co- 
incides with the domain of validity of the effective string 
theory action (Q). 

Usually string theory calculations are performed in the 
string frame [iCt in 111 in ■ An important convenience 
of the Einstein frame is that the gravitational part of the 
effective action in this frame looks like the standard 
Einstein action with the time-independent gravitational 
constant. The methodology and physical picture for the 
investigation of metric perturbations has been originally 
developed in the Einstein frame, where one can use the 
standard, simple Einstein equations. When the dilaton is 
constant, the two frames coincide with each other, up to 
an overall normalization coefficient. However, in general, 
the dilaton is not constant, and can sometimes lead to an 
apparition of a profoundly different picture of cosmolog- 
ical evolution as seen from these two frames. Yet, how- 
ever, as we have already stressed above, the differences 
are only apparent, since the physical quantities remain 
independent of the conformal frame. 

Consider, for example, the only explicit cosmological 
solution obtained in (the last equation in the Ap- 
pendix). It describes an isotropic expansion in all N di- 



rections: 
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Here A and E are some constants, the relation between 
(j) and ip is given by 



\Mp) 



(5) 



and the scale factor a{t) of the spatially flat FRW metric 
with N spatial dimensions is given by a{t) — e'^^*^ 

After a change of variables, t i — fo/2, with = 
'^^^ ^ this solution can be represented in a more conve- 
nient form: 
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-|t|(|t|+io) , A = Ao + ^lo; 
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\t\ 



(6) 



It describes the evolution of the universe when t grows 
from — oo to 0. 



The scale factor is given by 



a = e 



1^1 
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(7) 



When t grows from — oo to 0, the size of the universe 
increases, and it blows up near i = as \t\~^/'^ , in string 
units of length, Ig = Note that in the beginning of 

the evolution of the universe, at t — oo, the universe 
was static, a = e^" . One might at first wonder how 
something like this could ever happen, because the usual 
Einstein equations for a fiat universe imply 



Hi 



P 



(8) 



is the Einstein frame Hubble constant. 

a ar 

Thus the universe can be static only if density of matter 



where He 
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vanishes, which is not the case considered in 

However equations in 15] have been solved in string 
frame, where they look quite different from the Einstein 
equation ((SJ due to the nontrivial dilaton behavior. In- 
terestingly, in the Einstein frame the same cosmological 
evolution looks not as a cosmological expansion Q, but 
rather as a gravitational collapse. One can easily show 
that whereas the size of the universe a{t) in the string 
frame grows, the same size measured in units of Mp^ , i.e. 
the scale factor in the Einstein frame ^(t), decreases: 



|^|2/(A'-l) 



a/{N+i) 



(9) 



where r the Einstein frame time, as defined in Eq. ijjji. 

This example vividly illustrates why one should be ex- 
tremely careful with specifying the particular frame used 
in the investigation of string cosmology. While the results 
of the calculations in each frame are of course physically 
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equivalent, one may run into all kinds of paradoxical con- 
clusions by directly applying equations valid in one frame 
to another frame. In particular, one should not use the 
Einstein equations for the description of dynamics in the 
string frame. Meanwhile, as we will see, this is exactly 
what was done in the cornputation of cosmological per- 
turbations in p^ . ITTl ITl. [l3| , where no distinction be- 
tween these two frames was made. 

We should stress a fact that will be crucial for us in 
what follows. The transition between a(t) and air) is 
achieved by the simple rescaling corresponding to the 
change of units of length from string units to the Planck 
units: 



— p. N-l n = 



(10) 



Meanwhile the relation between the Hubble constant in 

the string frame iJs = ^, where the overdot denotes 

string frame time derivative, and the usual Hubble con- 
da 

stant in the Einstein frame He = — is more involved: 



We will return to this point in Section iHIl 



(11) 



B. The model of Brandenberger, Nayeri and Vafa 

The model of [H [Hill [l3| is only partially related 
to the Tseytlin-Vafa model. The description of the ba- 
sic cosmological scenario in [lol ITll 12. 13] is rather in- 
complete. It contains many speculative elements, which 
makes it very hard to analyze. We review the basic issues 
here. 

1) Tseytlin-Vafa solution discussed in the previous sec- 
tion described isotropic expansion in all iV spatial dimen- 
sions. Meanwhile Refs. ITU [l2» .13] consider a differ- 
ent possibility and assume that only three dimensions are 
expanding, while the others are stabilized. This assump- 
tion was intensely debated in the literature on string gas 
cosmology. A detailed investigation of |3i 1^ found no 
support for this hypothesis. Recently a novel mechanism 
to address this problem was proposed, involving RR flux 
in unwrapped dimensions j2y|, but this mechanism re- 
lies on the dilaton stabilization, which is another as yet 
unsolved problem of this scenario, see below. 

2) The three expanding dimensions are supposed to 
be extremely large from the very beginning, of a size 
greater than 10^^ in string units. It is not quite clear 
how this could be related to the original ideas of the T- 
dual description of Ref. where the initial size of 
all dimensions was supposed to be 0(1) in string units. 
The authors acknowledge this as a manifestation of the 
flatness problem of their new scenario. This problem is 



more general, however, because the general asymmetric 
and anisotropic initial data generally will not evolve to- 
wards the homogeneous an d isotropic initial state needed 
for 



■QS the homogeneous am 
ESIHIIlIll, see [H 



3) In addition to the flatness problem, one should also 
solve the homogeneity problem. A mechanism addressing 
this problem was proposed in j^J. It was based on the 
introduction of a specific potential between two orbifold 
fixed planes. Such potential does not follow from string 
theory, and the authors acknowledged that this proposal 
is extremely speculative |2^ . On the other hand, a slight 
modification of one of the assumptions of Ref. |21| leads 
to inflation 2i^, which makes alternative mechanisms of 
generation of perturbations of metric unnecessary. 

4) Just like the Tseytlin-Vafa solution described 
above, the scenario of 0, 0, 0, is based on the 
assumption that initially the universe was static, so that 
the size of the horizon = " was infinite. However, 
by the word "initially" the authors of [Hill [H HI 
do not mean t — oo. Instead, they either simply as- 
sume, without providing specific details, that at some in- 
termediate stage of expansion the universe was static but 
slowly accelerating, or mention a specific loitering regime 
j2^ when the universe, according to 0], should have ex- 
perienced several stages of expansion and contraction, in 
the string frame. The "initial" static universe in the loi- 
tering regime should correspond to the last bounce, after 
which the universe should switch to a more regular stage 
of expansion. 

Dynamics of the loitering regime begs for an additional 
investigation. In particular, according to 13], the tran- 
sition from the loitering phase should lead to a singular 
behavior of all fields, unless the dilaton field is stabi- 
lized by the dilaton potential V^(0), which should survive 
even at the present stage of the evolution of the universe. 
Most importantly, stabilization of the dilaton, as well as 
of many other string theory moduli fields, is necessitated 
by particle phenomenology and by the theory of gravita- 
tional interactions, specifically by the equivalence princi- 
ple tests, in order to yield acceptable low energy limits 
which conform with observations. 

The problem of stabilizing the dilaton and other string 
theory moduli was studied extensively for the last 20 
years, but it proved to be extremely complicated. A pos- 
sible solution to this problem was proposed only very re- 
cently, in the context of the KKLT construction psi . l26l| . 
However, this construction involves many additional in- 
gredients, such as branes, fluxes etc., which are not a part 
of the model considered in [lOl fill Il3 . Il3 | . 

5) The scenario of 0, 0, 0| assumes the exis- 
tence of a thermal equilibrium in the Hagedorn phase. 
An investigation of this issue in suggests that no 
such equilibrium can be maintained. A similar conclu- 
sion was reached in [2^, where it was argued that the 
dilaton stabilization by a hypothetical dilaton potential 
is required for solving this problem. But if the dilaton 
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is stabilized during the Hagedorn phase, this completely 
invalidates the mechanism of g eneration of density per- 
turbations proposed in [I^, uM, llJ< : This mechanism 
is based on the rapid shrinking of the Hubble radius H~^. 
In the models with the stabilized dilaton, this assump- 
tion contradicts the null energy condition, see Sections 
ElBl 

The absence of many essential ingredients makes it 
rather difficult to discuss the evolution of the universe 
and generation of cosmological perturbations in the sce- 
nario of [lS[ll[l3MjNevertheless we will try to follow 



the logic of Refs. [lOllTl IH 113 , keeping all of our reser- 
vations in mind. We will attempt to evaluate whether 
this scenario, if it can work despite all of the problems 
discussed above, may provide a new mechanism of gen- 
eration of scale invariant metric perturbations. 



III. DENSITY PERTURBATIONS 



A. Generation of scalar perturbations of metric 



Perhaps the simplest way to grasp the main idea of the 
mechanism of generation of metric perturbations |lOl IT^ 
is to use the figure given in fl^, see Fig. 1 of our paper. 
We added to their figure only one line, DB (dashed green 
line). According to 22], this line, combined with the line 
BC, describes the evolution of the Hubble horizon i?^^ 
in the Einstein frame. 

As we have already mentioned, the the relevant cosmo- 
logical evolution described by this scenario is taken to be- 
gin not at t = — oo, but at some intermediate stage, when 
the universe was static and the size of the Hubble radius 
in the string frame was infinite. Then the universe 
begins to expand, and H^^ starts to shrink. The last 
stage of the shrinking, shown by the line AB, describes 
the evolution of the quasi-static Hagedorn regime into 
the radiation-dominated phase of standard cosmology. 
According to 0, this transition is supposed to occur 
very quickly; within a finite time the size of the Hubble 
radius should shrink from an infinite value to Mp/M^. 
The main idea of Ref. pol IT^ is that when the Hub- 
ble radius H^r^ becomes smaller than the wavelength of 
perturbations of metric created by thermal fluctuations 
inside the horizon, these perturbations freeze, just like 
the metric perturbations do during inflation. 

To describe this effect, one can use the longitudinal 
gauge, where the perturbed metric takes the form 



(12) 



Here $(x, i) represents the fluctuation mode. The spec- 
tral index n of the cosmological perturbations is deter- 
mined by 
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P^{k) = fc3|$(fc)|2 ^ /fc"- 



(13) 



FIG. 1; This figure illustrates the scenario outlined in [lo|l . 
The vertical axis is time, the horizontal axis is physical dis- 
tance. The Hagedorn phase ends at the time tn and is 
followed by the radiation-dominated phase of standard cos- 
mology. The blue curve represents the Hubble radius 
which is cosmological during the quasi-static Hagedorn phase, 
shrinks abruptly to a microphysical scale at Ir and then in- 
creases linearly in time for t > Ir. All scales here are given in 
string frame. The only exception is the segment DB (dashed 
green line). According to 2^], it describes the evolution of 
the size of the horizon H^^ in the Einstein frame (rescaled by 
the factor of Ms/Mp) before the time of the radiation domi- 
nation. Fixed comoving scales (labeled by k\ and ^2) which 
are currently probed in cosmological observations have wave- 
lengths which are smaller than the string frame Hubble radius 
during the Hagedorn phase. They exit the Hubble ra- 
dius shown by the line AB at times ii(fc) just prior to 
Ir, and propagate with a wavelength larger than HJ^ until 
they reenter the Hubble radius at times tf{k). Note, however, 
that the wavelength of these perturbations was many orders 
of magnitude greater than the Einstein frame horizon H^^ at 
the time when they were generated, and they did not cross 
the Einstein frame horizon DB. 



Here "I>(fc) is the Fourier coefficient of <& and Px denotes 
the dimcnsionless power spectrum of some quantity X. 
The value n = 1 corresponds to a scale-invariant spec- 
trum. 

In order to calculate the amplitude of perturbations of 
metric, Nayeri et al calculate the amplitude of thermo- 
dynamical fluctuations of the energy density 6p in the 
Hagedorn regime, and relate these perturbations to the 
metric perturbation $ via the Einstein constraint equa- 
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tion 



(14) 



Recall again that the standard Einstein equations are 
valid only in the Einstein frame. Furthermore, this par- 
ticular equation is valid only for the sub-horizon pertur- 
bations with wavelengths A < -ff^^. This fact will be im- 
portant for us later, but for the time bein g w e wi ll ig nore 
this issue and continue along the lines of |10l ITll Ha. . 
The calculations of 

IS in El in imply that the spec- 
trum of density perturbations is proportional to fc^: 



5p{k) 



(15) 



with Up = 5. According to 0,0,0], this spectrum 
becomes transformed to the spectrum of perturbations of 
metric $ with flat spectrum, n = 1, because the Einstein 
equation H14(l implies that fc^$ ~ 5 p. Their final result 
for the spectrum of metric fluctuations 



T 



1 - T/Th 



(16) 



which would imply that the spectrum of metric pertur- 
bations on scales smaller than the Hubble radius is ap- 
proximately scale- invariant, n = 1. Then one can argue 
[lO, 11, 12, that these perturbations freeze out in 
the interval AB, Fig. 1, when the Hubble radius H^T^ 
becomes smaller than the wavelength of the perturba- 
tions fc^^ 36]. According to Ji)', 13, [13], this results in 
generation of adiabatic perturbations of metric with flat 
spectrum, without any need of inflation. 



B. Does it work? 



At the first glance, the ideas described in the pre- 
vious section may seem quite plausible. However, as 
we have repeatedly noted, investigation performed in 
[Hill Us, 13] made no distinction between the string 
frame and the Einstein frame. On the one hand, the 
evolution of the universe and the behavior of all thermo- 
dynamic quantities have been studied in 0, 0, 0, 
in the string frame. On the other hand, the evolution 
of density perturbations was studied using the Einstein 
equation H14|) . This equation is valid only in the Ein- 
stein frame, for the perturbations with the wavelength 
smaller than the cosmological horizon evaluated in the 
Einstein frame. The string frame and the Einstein frame 
do not differ much after the end of the Hagedorn phase, 
sX t > tfi, because the dilaton field at this stage (line 
BC) moves very slowly 0,113. However the difference 
between these two frames is very significant during the 
Hagedorn phase t < tn, and especially at the transition 
stage AB (stage DB in the Einstein frame), when the 
large-scale perturbations of metric were generated. 



With this in mind, let us first examine the assump- 
tion that the perturbations of metric freeze when their 
wavelength becomes greater than the Hubble radius. The 
immediate question which then arises is, which Hubble 
radius should we compare the perturbation wavelength 
to? The size of the Einstein frame cosmological horizon 
Hj^^ is not equal to the rescaled value of H^^: 



Up to the rescaling factor ¥f- 



2(f) 
N -1 



(17) 



24} 
' N-1 



the quantities 

Hf^^ and would coincide for (p = 0. However, in the 
model of HI in m HI] one has (p < 0. Therefore the 
(rescaled) Einstein frame Hubble radius is smaller than 
the Hubble radius in the string frame. In particular, the 
universe in the Einstein frame continues to expand and 
the horizon H'^^ remains finite even it appears to stop 
in the sting frame, when = and the string frame 
Hubble radius is infinite. 

Of course, if cj) is small (e.g . after the onset of radiation 
domination, line BC [T5ll27j). then, up to the rescaling, 
there is no much difference between H^^ and Hjf,^. This 
is shown in Fig. 1 by the line BC. It simultaneously 
describes H^^ and the rescaled horizon Hjf,^, because 
the rescaling factor ^f- remains constant along this line 
as the dilaton does not move at that time. On the other 
hand, as we noted above, these two quantities differ a lot 
du ring the most important stage AB, where, according 
to [ll [11 [13, O , the perturbations of metric with the 
wavelengths greater than Hubble radius are supposed to 
be frozen. 

As noted in [15i] . this transition from the Hagedorn 
phase to radiation cosmology is only partially under- 
stood. Investigation of related subjects in 28] was made 
without taking into account the evolution of the dilaton 
and the background metric, which as we saw are quite 
significant during this stage. Indeed, if the dilaton were 
frozen during this stage, then there would be no differ- 
ence between the string frame and the Einstein frame, 
and the size of the horizon could only grow, according to 
the conventional Einstein equations, which yield 



HE = -4nG{p + p). 



(18) 



This quantity cannot be positive unless one studies phan- 
tom matter with p+p < 0, which violates the null energy 
condition and typically leads to a catastrophic vacuum 
instability |29l ] . Thus whenever the null energy condition 
is satisfied, the size of the horizon in the Einstein frame 
can only grow. This is shown in Fig. 1, in accordance 
with [23. At the stage AB the string frame H^^ shrinks, 
while at the same time expands, as shown by line 
DB. The difference between these two regimes is possible 
only because of the rapid dilaton evolution at that time. 

It is important to realize that the difference between 
the rescaled values of H]^^ and at this stage is ex- 
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tremely large. Indeed, according to Fig. 1, the rescaled 
value of Hj^^ along the line DB is smaller than the min- 
imal value H;:^ ^ Mp/M'^ on the line AB. On the other 
hand, if we want the perturbations generated during that 
epoch to describe the present large scale structure of the 
universe, the value of H^^ at the time when the seeds for 
large-scale perturbations are generated must be exponen- 
tially larger than the minimal value of ~ Mp/M^. 
Thus we are talking about the situation where the dif- 
ference between the rescaled value of i?^^ and is 
exponentially large. 

Given such a profound difference between i?^^ and 
H^^ at the stage when the metric perturbations are gen- 
erated, one should check exactly when they freeze, and 
in fact if they freeze at all. Does it happen when their 
wavelength becomes greater than i?^^, or when it be- 
comes greater than H^^l Freezing of the oscillations is 
a frame-invariant effect, so one should be able to analyze 
it in any frame. However, the exploration of this issue 
in the string frame is rather complicated because pertur- 
bations of the metric interact not only with gravity but 
also with the dilaton. Moreover, Hj^ does not have any 
direct relation to particle horizon, event horizon, or ap- 
parent horizon. For example, when vanishes and 
becomes infinite, the universe does not instantly become 
causally connected. Thus, there is no obvious reason to 
assume that fluctuations should freeze when their wave- 
length becomes greater than H^^ . 

Fortunately, to resolve this issue one can study freezing 
out of the the metric perturbations in the Einstein frame, 
and the answer is well known: The perturbations freeze if 
their wavelength is greater than the Hubble radius in the 
Einstein frame , rather than at the moment when 
their wavelength becomes greater than as assumed 

in [ISIlllll. 

But as we just mentioned, the Hubble radius in the 
Einstein frame can never shrink, unlike the Hubble ra- 
dius in the string frame. This fact is illustrated by Fig. 
1, which shows that while shrinks in the interval 

AB, the size of the horizon in the Einstein frame 
grows in the corresponding interval DB. Since can 
only grow, unless the null energy condition is violated, 
one may wonder whether it is at all possible for the per- 
turbations with a given comoving momentum initially 
greater than the Einstein frame Hubble scale He to go 
outside the horizon and freeze there? 

The answer to this question is also well known. If the 
universe experiences power law expansion a(r) with 
p < 1, which is the typical situation in non- inflationary 
cosmology, then the horizon always expands faster that 
the wavelengths. He ~ t, and the sub-horizon fluctua- 
tions never freeze. On the other hand, if the size of the 
horizon for a long time practically does not change, then 
the wavelengths eventually become greater than -ff^^ and 
the fluctuations can freeze. This is the standard inflation- 
ary mechanism. But the authors [Tol ITll IT^ assume 



that there is no inflation in their scenario. Then we are 
forced to conclude that no freeze-out of the fluctuations 
occurs when H~^ suddenly shrinks to a very small value 
along the line AB. 

This does not necessarily preclude production of met- 
ric perturbations at this time. Indeed, if thermal fluc- 
tuations of density exist at that stage, they certainly in- 
duce some metric perturbations. However, there are two 
problems here. First of all, whereas the long-wavelength 
perturbations discussed in [lol IT^ IT^ were crossing the 
shrinking radius H~^, their wavelength was always ex- 
ponentially greater than the horizon i?^^, as we just dis- 
cussed. It is not obvious to us what mechanism could 
be responsible for the establishment of the thermal equi- 
librium between the fluctuations on scales which are ex- 
ponentially greater than the size of the horizon; see also 
general comments about the applicability of thermal de- 
scription in this regime in On the other hand, if the 
long-wavelength modes are out of thermal equilibrium, 
then the calculations of density perturbations performed 
in [lol IT^ IT3I I simply cannot remain valid at the cosmo- 
logically large, super-horizon, scales. 

But let us ignore this issue for a moment and assume, 
following [Tol I12L [l3l| . that the spectral distribution of 
density perturbations is Pp ~ fc'' = fc"''"^ with nn = 5, 
see Eq. (fT5|) . As we already mentioned, 0, E3i Q 
assert that this spectrum becomes transformed into the 
spectrum of metric perturbations $ with flat spectrum, 
n = 1, because the Einstein equation (|14|) implies that 
~ 5 p. But as it stands, this equation is valid only 
for perturbations with the wavelengths smaller than the 
horizon H^^ (not H~^\). 

For the perturbations with the wavelengths greater 
than the horizon i?^^, the relation between $ and 6p 
in the longitudinal gauge l(T^ used in V2^ J^J is quite 
different % 



2$(fc) = - 



P 



(19) 



This equation remains true for any relation between the 
wavelengths of the perturbations and H~^, as long as 
these wavelengths are greater than Hj^^. Thus it is valid 
for all long- wavelength cosmological perturbations we are 
interested in, see Fig. 1. This imphes, according to l(T3)l. 
that perturbations outside the horizon have the same 



spectrum as 



i.e. instead of the flat spectrum with 



n = 1 they have a blue spectrum 



(20) 



which, with the approximations inherent in |irt I12L [T3j|. 

yields n = Up = b, in contrast to their claim that n = 1. 
This spectrum is ruled out by cosmological observations. 

Furthermore, suppose, for example, that the amplitude 
of perturbations of metric and density on the horizon 
scale -ff^^ is equal to 10~^. One can then easily check 
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using Eq. (|20|l that the relative perturbations of mass 
^jj- on a given scale will become much greater than 0(1) 
for k > IQ^Hp,. This means that the perturbation theory 
used in ^ lol [T3| can cover no more than 3 orders of 
magnitude of scale, which is inadequate for describing 
cosmological perturbations in our universe. 

Finally, let us note that if thermodynamical equilib- 
rium is somehow maintained during the transition from 
the Hagedorn phase to the radiation-dominated phase of 
standard cosmology, then the amplitude of perturbations 
of metric always follows the evolution of the perturba- 
tions of density, in accordance with Eq. ifTiHl . But during 
this transition, the perturbations of density in the Hage- 
dorn phase gradually evolve into the usual thermodynam- 
ical perturbations of density in the radiation-dominated 
universe, which can never produce large scale cosmolog- 
ical perturbations with flat spectrum. 

The main difference between this situation and the sit- 
uation in inflationary cosmology can be explained as fol- 
lows. In inflationary cosmology the inflaton field is not in 
a state of thermal equilibrium. Its fluctuations are frozen 
at the time when their wavelength becomes greater than 



and in the string frame |30j: 



HI 



These frozen fluctuations serve as a source for the 



metric fluctuations, which are also frozen in accordance 
with Eq. 113 . 

If we want to have something similar in the string gas 
scenario, we would need to assume that the large scale 
perturbations of stringy matter density are frozen. If this 
is so, they cannot be in thermal equilibrium, because the 
properties of the universe in thermal equilibrium change 
dramatically during the transitional period. On the other 
hand, if the perturbations are not in thermal equilibrium, 
then the calculations of their amplitude 0, 0, are 
not valid. If we nevertheless assume that these calcula- 
tions are valid, then, as we have seen, the resulting metric 
perturbations have a blue spectrum, with n = b. Either 
way, we do not obtain scale free cosmological perturba- 
tions in this scenario. 

Does this exhaust all possibilities? First of all, un- 
til now, we have been operating under the assumption 
made in |0, 0, 0| that one can calculate the amplitude 
of density perturbations in the string frame and then sim- 
ply plug in the result into the Einstein equations. How- 
ever, the amplitude of density perturbations in the string 
frame is different from the amplitude of the perturbations 
in the Einstein frame, where the Einstein equations can 
be used, because of the dilaton contribution. 

In the string frame, one could safely ignore this con- 
tribution because in the Hagedorn phase the dilaton was 
just one out of many degrees of freedom contributing to 
the energy density of the universe. On the other hand, 
upon the conformal transformation to the Einstein frame, 

which involves e the dilaton perturbations induce 

perturbations of the energy density of all other fields. As 
a result one finds the following expression relating the 
amplitude of density perturbations in the Einstein frame 



6p_' 

P / E 



Sp' 
P / s 



N- 1 



(21) 



Therefore to obtain the amplitude of metric perturba- 
tions from the amplitude of perturbations of energy den- 
sity calculated in the string frame, one should write Eq. 
((T^ more accurately: 



N -1 



6(t> . (22) 



The term was calculated in ^^'^^ 

we argued above, it produces metric perturbations with 
blue spectrum, which rapidly disappear in the large scale 
limit. If the dilaton perturbations are thermal, then the 
dilaton contributions to metric perturbations also have a 
blue spectrum with the amplitude which rapidly disap- 
pears at the cosmological scale. 

There is only one exception from this rule that we are 
aware of: If the universe experiences a stage of inflation, 
and the dilaton field remains very light during inflation. 
He S> m^, then the standard inflationary dilaton pertur- 
bations with a flat spectrum are produced. This results 
in the scale invariant metric perturbations 



$(fc) 



N -1 



(23) 



This mechanism is equivalent to the mechanism of gen- 
eration of modulated perturbations of metric developed 
in 31]. However, this mechanism requires inflation. 

Finally, if one is willing to consider even very exotic 

possibilities to save the scenario of [Sill El m, one 

may look more attentively at our main premise that the 
behavior of the Hubble radius in string frame H~^ is 
fundamentally different from the behavior of the Hubble 
radius in the Einstein frame H^^, as shown in Fig. 1, 
lines AB versus DB. What if the dilaton was fixed due 
to some unspecified nonperturbative processes at that 
time? Then the universe expanded in the same way in 
the Einstein frame and in the string frame, and Hj^^ 
decreased in the same way as H^^ on line AB. 

Of course, this would require stabilizing the dilaton 
not only at the present stage of the evolution of the uni- 
verse, which was not achieved as yet in the framework of 
the model studied in 0, 0, 0| , but also during the 
Hagedorn phase, and during the intermediate phase be- 
tween the Hagedorn regime and the radiation-dominated 
epoch. We have no idea whether this could be done. As 
we have already noted, the decrease of H^^ would con- 
tradict the null energy condition, which usually implies 
catastrophic vacuum instability. With such dramatic 
nonperturbative changes to the underlying physics, one 
can only guess what happens to the spectrum of density 
perturbations calculated in 0, 0. Moreover, 

if the dilaton is fixed at the time when the cosmological 
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perturbations are produced, then one can apply to this 
situation the no-go theorem proven in 0] , which says that 
in this case the inflationary expansion is the only mecha- 
nism which can generate cosmological perturbations with 
a fiat spectrum. 

Interestingly, there is a direct relation between the 
speculative regime discussed above and inflation. If one 
manages to fix the dilaton during the stage AB, when 
the cosmological metric perturbations are supposed to be 
generated, then the Hubble constants He and Hs are pro- 
portional to each other, and both of them rapidly grow, 
so that > 0. This means that 



dHE 
dr 



Hl>0 



(24) 



i.e. the universe in the Einstein frame is accelerating. 

The meaning of this result is very simple. If He is a 
positive constant, or a slowly changing positive quantity, 
the universe enters the regime of exponentially rapid ac- 
celerated expansion, i.e. inflation. If He is positive, and 
it grows in time, then the rate of acceleration also grows, 
so we deal with a super-exponential expansion, or super- 
inflation ■ Note that we are not talking here about 
the contracting universe which looks inflationary only in 
the string frame, which is the case in the pre-big bang 
scenario. In this case the universe is super-inflationary 
both in the string frame and in the Einstein frame. 

Thus, if we find some way to stabilize the dilaton in 
the Hagedorn regime and remove the difference between 
the string frame and the Einstein frame, which is one 
of the main stumbling blocks of the scenario proposed 
in ^1 ^1 then we end up in the inflationary 
universe anyway. 



IV. GRAVITATIONAL WAVES 

Until now we have discussed scalar perturbations of 
the metric, which play the key role in the cosmological 
structure formation. In this section we turn to the gen- 
eration of gravitational waves, which are tensor pertur- 
bations. We will critically review the derivation of grav- 
itational radiation in the Hagedorn thermal bath in the 
model proposed in [T]l|. The mechanism of gravitational 
waves radiation from thermal bath is different from that 
of gravitons production from vacuum in an expanding 
universe. 

Gravitational waves perturbing the FRW background 
are the transverse-traceless (TT) metric fluctuations hij , 



ds-" 



-df + a{tf (Sij + hij) dx'-dx^ 



(25) 



with h^i — 0, = 0, i,j — 1,2,3. The field equation 
for gravitational waves is 

167r 



(26) 



where TTy is the TT part of the energy-momentum tensor 
T^^. In the momentum space Tr^j is easily derivable from 
T^i, with the help of the projector operators 



where the projector operator is 



Pij{k) — S-ij kikj , fcj — 



(27) 



(28) 



If the TT-part of energy-momentum tensor is absent, 
TTjj = 0, then we deal with the free gravity waves. This 
happens during inflation, when the gravitational waves 
are generated from vacuum fluctuations, even in the ab- 
sence of any source vTy — 0. 

Instead, let us consider now a simplified case of a static 
universe filled with matter in thermal equilibrium. This 
was the regime studied in pj| . In this case gravitational 
waves can be produced by the source term tt^ even if 
the universe is static. This mechanism, which is quite 
different from the inflationary one, deserves a systematic 
study 0,111. 



First, let us recall how this case was treated in [Tlj. 
It was suggested to use the Fourier-component version of 
the wave equation 



(29) 



and construct the combination k^\hij(k)\'^ using this 
equation. Here k^ corresponds to the spatial three- 
momentum. However, Eq. H29|l is not a full Fourier- 
transform of H26|) . An important term hij{k) was 
dropped from the equation. Thus Eq. H29(l used in 
is not a correct wave equation for the radiation to be 
emitted by the sources. 

Using the spatial Fourier-transform hij(t,n) — s- 
/iij(i, k) e*'''', we can readily find the correct version of 
Eq. (|211). From we have 

% (fc) + k^h,.j (fc) = ^ 7r„ (t, k) . (30) 

In a general case of the FRW universe one finds a simi- 
lar equation, rescaling hij — > i/i^ and switching to the 
conformal time rj — J dt/a{t): 



h^Ak) + {e -a"/a)h,j{k) 



167r 



^^^a^n,^{t,k). (31) 



For gravity waves generated inside the horizon, the term 
a" /a can be omitted. 

Here we will only consider the limit of a static universe, 
in order to compare our results with the conclusion of 
[lll |. However, the method of derivation of gravitational 



9 



radiation from the random media |34| which we will use 
is quite general and can easily incorporate other cases, of 
expanding/contracting universes, and of evolving dilaton. 
The solution of equation is 



kMl 



dt' sin k{t - t') 7r„ (i', k) . (32) 



The quantity ■Kij{t,k) along the characteristics of the 
gravitational wave propagation is a random variable. We 
can construct the variance of the gravity wave amplitude 

{%j{t.m - ^ I f dt' sink{t-t') 



dt" sin k{t - t"){TTij{t', fc)7r.y (i", k)) 



(33) 



As we see, this expression is quite different from the 
naive assumption of (|29|l . and involves subtle information 
about the time correlator {iTijit' , k)Trij(t" , k)), which we 
can write as 

{7:.,{t',k)7:,,{t",k)) = fit' t") (|7r.,(fc)p) . (34) 

Let us take here the limit of large t. Replacing sin k{t~t') 
by exponents and dropping rapidly oscillating terms, one 
can simplify Eq. (|33|l . Formally, the result of the calcula- 
tions diverges with time, which is expected for infinitely 
long stationary process of the gravitational waves produc- 
tion. Indeed, nothing will interfere with the gravitational 
wave production by colliding particles in the thermal gas, 
until the gravitons come to a state of thermal equilibrium 
with matter. The final result for the gravitational wave 
production rate in a thermal bath is 



(167r)2 



(35) 



2/c2M| 



,(fc)l' 



-ikt 



dt' fit' -t") 



To get an estimate of the spectrum of gravity waves gen- 
erated in string gas cosmology, we will take the estimate 
of (Ky (fc)p) given in They suggest that 



r(i - t/Th) 2 



and so 



Til - T/Th) 



In' 



(1 - T/Th] 



(36) 



1 

k^l 



2(1 



T/Th) 



(37) 

The time correlation function of thermal fluctuations 
fit' — t") should be a decreasing function of time separa- 



tion. Let us suppose that fit' — t") ^ t 
from H35|l we obtain the final estimate 

(167r)2fc2 



-T(t'-t"), Then 



k'{\h,,itM') 

T(l - T/Th) 



\n' 



2VP 



r2M|, 



T/Th) 



At, (38) 



where At is the duration of the process. The meaning of 
this result is that the gravitational waves are constantly 
generated as long as we have a thermal bath contain- 
ing many moving and colliding particles. In an expand- 
ing/contracting universe At should be replaced by the 
age of the universe ~ 1/H. The spectrum is not scale- 
free but peaked at the scale of temperature fc ~ T, as 
expected for the radiation produced by matter in ther- 
mal equilibrium. 

This shows how to consistently improve the results of 
Ref. 0. As we have seen, these calculations describe 
production of gravitational waves by thermal fluctuations 
assuming that the gravitons are out of thermal equilib- 
rium, and yield a spectrum which is not flat. The state 
of the universe in which our calculation applies simply 
doesn't contain many gravitons. This is certainly the 
case at the late stages of the evolution of the universe, 
but this should not be the case if the initial state was a 
Hagedorn phase in thermal equilibrium. If this equilib- 
rium initial state is possible, then the gravitons are con- 
stantly emitted and absorbed, and their spectrum cannot 
be flat. 

Note that the gravitons correspond to the lowest en- 
ergy excitations of the closed string loops. The existence 
of the Hagedorn temperature is a consequence of the ex- 
istence of a tower of massive states giving large contribu- 
tion to the total energy density. When the temperature 
drops below the Hagedorn temperature, the gravitons 
are produced not only by the thermal radiation studied 
above, but also due to the decay of the massive string ex- 
citations, i.e. due to the decay of large strings. On top of 
that, one should take into account the dilaton dynamics 
and the difference between the string frame and the Ein- 
stein frame, which leads to many important consequences 
discussed in the previous section. These questions have 
not been analyzed in n^[lTl[ll[l3l|. and we won't pursue 
this issue here any further either. 



V. DISCUSSION 



Our investigation shows once again that it is very dif- 
ficult to offer a non-infiationary solutions of the major 
cosmological problems. It remains quite instructive, how- 
ever, to learn why is it so difficult to find an alternative 
to inflation. In this particular case, the difficulties start 
from the very beginning, since even the existence of the 
basic cosmological solution is rather problematic, see Sec- 
tion ^1 Nevertheless, one could still nurse a hope that 
this situation could somehow be improved in future devel- 
opment of the model, by adding new ingredients, flnding 
a better effective action, etc. 

However, we do not think that this could help. Our 
main concern stems from the fact that one of the ingre- 
dients of production of the cosm olog ical perturbations in 
the scenario proposed in p^ll^lT^ is purely kinematic: 
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Perturbations should freeze when they cross the horizon. 
This, of course, is the main idea of the inflationary mech- 
anism of generation of perturbations of metric: during in- 
flation the wavelength of the inflaton perturbations grow, 
and when the wavelength becomes greater than the size 
of the horizon, the perturbations freeze. The new idea of 
Ref. |lftll3. lig| is that in their model the wavelengths of 
the perturbations grow very slowly, but the quantity H^^ 
should rapidly shrink. Then, they posit, perturbations 
freeze when becomes smaller than the wavelengths 
of the perturbations. However, this was just a conjec- 
ture, based on an analogy with the results obtained in 
inflationary cosmology. 

The easiest way to test this conjecture in the model 
proposed in 0, 0, ^| is to study the evolution of 
the perturbations in the Einstein frame. In this frame, 
the perturbations shown in Fig. 1 from the very begin- 
ning have the wavelength much greater than ^ , so the 
analogy with the inflationary mechanism breaks down. 
This is one of the reasons why the spectral index of the 
cosmological perturbations generated in this scenario is 
unacceptably large, n = 5. 

Of course, it might happen that eventually one will 
find a version of this model where the size of the horizon 
evolves extremely slowly, so that for a long time it 
remains nearly constant. Then the cosmological evolu- 
tion will cause the wavelengths of perturbations to cross 
the horizon, which, under certain conditions, may lead 
to their freezing. But the slow evolution of the Hubble 
constant He is a definitive feature of inflationary cosmol- 
ogy. Thus, at the moment we do not see any reason to 
expect that this model or its possible generalizations can 
provide a viable alternative to inflation. 

Note Added: The main results of this paper were 



reported and debated with the authors of 0, 0, ll^ 
during the conference "Inflation-|-25" , Paris, June 2006. 
Recently Brandenberger, Nayeri, Patil and collaborators 
issued a paper '35^1 where they conflrmed our statement 
that the perturbations produced in the original scenario 
of 1^ 0, 0, 01 have an unacceptably large spectral 
index n = 5. They argued that this scenario can be 
salvaged if the dilaton in the early universe were flxed 
by some unspecified strong coupling effects. We discuss 
this speculative possibility in Sect. 1111 Bl and conclude 
that it violates the null energy condition. Even if such 
regime were possible, we show that the universe in this 
regime would accelerate both in the string frame and in 
the Einstein frame. In other words, the universe in this 
speculative regime is infiationary, so it does not provide 
a true alternative to inflation. 
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